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KWHEMATUYECKWUA AHATNTN3 PACINTPOCTPAHEHUA
OCECUMMETPUYHbIX ANEKTPOYNPYIUX BOJIH
B HEOOHOPO[OHbIX NMNOJIbIX MbE3OKEPAMUYECKUX
HUNMHOPAX

MoctaBneHa 3aga4ya O pPacnpPOCTPAHEHUU BbIHYKAEHHLIX OCECUMMETPUYHBLIX
3MEeKTPOYNpPYyrux BOMH B HEOQHOPOAHLIX MO TOMWMHE MOMbIX UUAMHAPaX.
PaccmoTpeHbl ABa Buaa HEOQHOPOAHOCTU: KYCOYHO-HENpPepbIBHAA U KOHTUHYarnbHasi.
Ans peleHusi 3ToM 3agaunm npeanoXeH 3(PEKTUBHbLIA YUCIIEHHO-aHANUTUYECKUH
MeToad. lMocre NMpUMeHeHMsi MeToAa pasgerneHusl NepeMeHHbIX U NpeacTaBreHust
pelweHns B Buge Gerywux BOMH MO ANIMHE UMMUWHAPA, HavanbHas 3ajadya Teopuu
3MEeKTPOYNPYrocTM B YaCTHbIX MPOU3BOAHbLIX CBOAMTCS K HEOQHOPOAHOW KpaeBoW
3apaye Anst 06bIKHOBEHHbIX AndpepeHUManbLHbIX ypaBHEHUMN.

Knroyeenie crioea: ocecuMMemMpUYHbIE SIEKMPOYNpyaue 80JIHbI, KUHEeMamuyeckKuti
aHanus, duckpemHasi OpmMo2oHanU3ayus.

BBepeHue. NepBble Habopbl YaCTHbLIX peleHnn anddepeHuLmanbHbIX
YPaBHEHWI B YaCTHbIX NPOU3BOAHLIX (YpaBHEHMI Jlame) B LUNNHAPUYECKUX
KoopauHaTax Oblnm noctpoeHbl B pabotax [Moxramepa n Kpu [6, 7, 10].
K HacToswemy BpemeHn nmeetcs 6onbluoe KonnmyecTso paboT, NOCBALLEH-
HbIX MCCneaoBaHWI0 BONTHOBOW KapTWHbI B GECKOHEYHOM YNpyrom LunuHape
KpyroBoro nonepeyvHoro ceyeHus [2, 4, 11]. Ces3aHHble Nons 3Ha4uMTeNbHO
YCIOXHSAT NpoBeAeHue uccnegosaHun [3, 5]. Tak, 4nsa nbe3okepamu4ecko-
ro uunuMHgpa, TOMbKO B CryYyae OCEBOW Monspu3auun nbes3okepamuki Ans
NPOAOMbHbIX OCECMMMETPUYHBIX BOMH W B Cryvae OKPY>XHOW nonspusauunm
ONS KPYTUNbHBIX BOMH BO3MOXHO MpeAcTaBfeHne pelleHus 4yepes cneun-
anbHble yHKUuN. OOHAKO, NPU YUCINIEHHOM aHanm3e MOJTYHYEHHOro Takuwm
obpasom pelueHnss BO3HMKaeT BOMpPOC nporpammmnpoBaHus dpyHkumin becce-
N, CXOAMMOCTU CTEMNEHHbIX PAAO0B U Np. YYET HEOAHOPOOHOCTN MaTepuana
unnuHgpa ele bornee ycnoxHsieT 3agady, B TO BpeMs Kak B BOnbLUMHCTBE
YCTPOWCTB MUCMOMb3yHTCA WUMEHHO HEeOAHOPOAHblEe Mbe303NeKTpUYecKne
matepuansl (6umopdbl). KycouyHo-HenpepbiBHas HeOAHOPOAHOCTb MaTe-
pvana TpebyeT conpsbkeHus paspellarlmx MYHKUMA Ha rpaHuuax pagena
cped, YTO NPMBOAWT K YBENMYEHWUIO Yucna ypaBHeHun. Ha cerogHsiuHun
OeHb BCE Oonee LIMPOKOE NPUMMEHEHME HaxOAAT Tak HasbiBaemble (PyHK-
UMOHanNbHO rpaguneHTHble nbe3oanekTpuyeckue matepuansl (OITIM) coue-
Tawwue npenmyLiectsa 6MMopdoB U NULLEHHbIE NPOGEMHON 30HbI — MO-
BEPXHOCTU COEeAMHEHUS MaTepuanoB C pasfnuyHbIMK  Ko3ahduumeHTamm
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TemnepaTtypHoro pacwmpenus. OgHako, B 3TOM cryyae, MoAaynv MaTepuana
ABMSIOTCA HE KOHCTaHTaMu, a (PyHKUMAMM MO OZHOW M3 KoopauHat [8, 9].
OTO cocTaBnsieT cepbesHylo npobremy Ans NpUMEHeHWs MHOMMX YUCHEH-
HbIX METOOB.

B pnaHHOM cTaTbe Ans pelleHus 3agay O pacnpocTpaHeHUU BblHYXOeH-
HbIX aKyCTO3MEKTPUYECKNX BOMIH B HEOOHOPOAHbLIX MO TOMLWMHE MOSbIX LK-
nMHapax npeanoxeH apdeKkTUBHbIN YNCNIEHHO-aHANUTUYECKNIA NOAXOA.

MoctaHoBka 3apaun. OcHoOBHble YypaBHeHUA. OcecMMETPUYHbIE
NpoAOoNbHblE YPABHEHUSI ABUXKEHUS | -FO CNosi B LUMUHAPUYECKOW CUCTEME
KoopAuMHaT UMeIoT BUA;:

i i i i 2,
aGrr_1r‘7'rr_‘3'99_i_a‘7rz:piaur

or r Fo4 ot? )
ao'irz +Uirz +ao'izz = o azuiz
or r oz o2
YpaBHEeHNS 3MeKTPOCTaTUKA:
Dy Dy Dy i 09 i 00 @
o r o " alTt &
FeoMeTpUYECcKMNe COOTHOLLIEHMS:
S T 1 5 o aub ad
=T dop = Uri 6y =i e =— 4L 3)

T oz’ " o oz

3pecb o"jk — KOMMOHEHTbLI TEeH30pa HanpshkeHWin; p' — NMNOTHOCTbL MaTe-

prnana; Ulj — KOMMOHEHTbI BEKTOpa ﬂepeMeLIJ,eHI/IIZ; DIJ — KOMIMOHEHTbI BEK-

TOpa 3MNEeKTPUUECKON MHOYKLNM, E']- — KOMMOHEHTbI BEKTOPA HaMpsXKEHHOCTH
i.
J
HeHTbl TeH30pa gecdopmaumii. B ganbHelwem nHaekc i yaem onyckaTb.

dunsmyeckme COOTHOLWIEHUA Ans Nbe3okepamMnyeckoro martepuana,
nonapun3oBaHHOro B 0CeBOM HanpasrieHnn, UMerT BUa:

ANeKTpuyecKoro nons, (/)I - SﬂeKTDOCTaTMLIeCKMVI norteHuunan; &jic — KoOMno-

Orr = C1érr +C12809 + Q13622 —€11Ey;
Tgg = Croérr +Cr1809 +C13672 —€13E,;
077 = C138rr +C13690 +C3367, —€33E;; )
Or; = 2C5561; —€5Ey;

Dy =2ej5¢y, +&11Ey;

D, = e3¢ +€136gp + €336 +E33E;-
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3pechb Cjj — KOMMOHEHTbI TEH30Pa MOAYNEl YNPYrocTy; €jj — KOMMOHEHTbI
TEH30pa Nbe30MOAYINeN; &jj — KOMMOHEHTbI TEH30pa AUANEKTPUYECKON NPO-

HVYLaemMocTn maTepuana.
Ecnu maTepuan cnosi (pyHKUMOHANbHO rpagMeHTHbIN, TO YKa3aHHble Bbl-
LLE KOMMOHEHTbI ABNSATCA MYHKUMAMU paanansHOn KoopavHaThl:

0.n 0.N 0.Nn
Cij =Cijr s eij :eijr s gij :5ijr ,

roe ci‘}, ci‘} " ci‘} 3HaYeHUs COOTBETCTBYIOLLUX MoAdyMel Ha BHeluHel no-

BEPXHOCTM UWMMMHAPA, a 3HayeHue M onpegensieTcsl aKcnepvmMeHTarnbHO
1 0bbl4HO HaxoguTcAa B Npegenax —2< n< 2.

paHuuyHble ycnoBuMs Ha OOKOBbIX MOBEPXHOCTAX UunmHApa (npw
r = Ry £h) sapaiotca crneaytome:

— MexaHW4Yeckue rpaHnyHble YCMOBMSA: MOBEPXHOCTM NMBO CBOGOAHbI
OT BHELLHUX YCUNWUIA Oy =0y, =0, NMbo KO BHYTPEHHEN NOBEPXHOCTM NOA-

i(wt—kz)
BeeHO rapMoHNYeCKN n3MeHsLleeca nasneHne O-"|r=R—h = Pe )

— 9nEeKTPUYECKME TPaHUYHbIE YCIOBUSA: MOBEPXHOCTU UMnMHApa nubo
NOKPbITbl TOHKUMMW 3NEKTPOAaMM, K KOTOpPbIM nogseaeHa rapMOHNYECKU U3-

i(wt—kz)

I
MEeHSIIoLLasiCsl pa3HOCTb MOTEHLMAsIOB ¢|r =1Vpe , nBo noeepx-

=R+h
HOCTM HearnekTpoamposaHsbl, T. €. D, =0.
3necb Ry — paaunyc cepeamHHol noBepxHOCTW umnuHapa; h — nonosuHa

CYMMapHOW TOMLWWHbBI UMAMHApPA.

Paspeliatowmii BekTop BblIOMpPAeM CMeLUaHHOro Tuna, B €ro cocTaB
BXOAAT T€ KOMMOHEHTbI TEH30pa MEXAHNYECKUX HanpPsXKeHUN, BEKTOPOB Me-
XaHUYECKNX U 3NEKTPUYECKUX MEPEMELLEHNN, A TAKKE ANEKTPOCTATUYECKOIO
noTeHumana, 4yepes kotopble HOPMYNMPYIOTCS YCMNOBUS Ha OOKOBbIX MNO-
BEPXHOCTSIX UMMMHAPA U Ha MOBEPXHOCTSX pa3ferna MaTepuarnos:

Rz{o'rr’O'rZa(P:urluz:Dr}- )

Paspewas cucrtemy (1)-(4) oTtHocuTenbHo BekTopa R, nocne psga
npeobpas3oBaHnii NONYYNM:
don Loz ), 0ou Bsdp (A 0% A oy
"rey 0z

= Orr >

or ricy oz rop az | ry patz
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PeweHue 3apaum. PeweHne Gygem uckatb B BMAe BOSH, Berywimx
B OCEBOM HarnpaseHum:

o (rz,t)=idoy (r ) i(ke-at). Urz(ryZ.t)=iarz(r)ei(kz‘a’t);

o(r.2.t) =2 aop(r)e " ; u (rzt) =ihu, (n)e; @)

u, (r,z,t)=hu, (r)e' ™ ; b, (r,2,t) = [z 2D, (r)e'*),
Mcnonb3ya npeactasnexne (7), UCXOAHYIO ABYMEPHYIO 3aaady Teopun

3MNEeKTPOYyNpYyrocTv B YacTHbIX MPOM3BOAHbLIX MOXHO CBECTM K KpaeBOW 3aja-
ye [1] Ans ypaBHeHMWS

drR _

o A(x.k, Q)R (8)

C HEOAHOPOAHBLIMY PAHNYHBIMU YCIOBUSIMU
BiR(—l):Ci,BiR(l)zcj, 9)
roe sektopbl Cj u Cj MMEIOT BUA;

Cc{ ={P,0,0,0,0,0}, CJ ={0,0,0,0,0,0}, C] ={0,0,-1,0,0,0}, C} =1{0,0,1,0,0,0}.

3aecb Obnn BBEOEHDI 6e3pa3mepr|e BEJTMYNHbI:

0 0 0
Cii (S Eii r—-R
Q= a)h\/7 CIJ IJ elj = I X élj zi, X:—O ,
PARCEN o 0 g h

rae h — nonosuHa TONWMUHbI LnunuHapa; p — NNoTHOCTb MaTepuana unnnH-

apa; Rp— paouyc cpeauHHOW NOBEPXHOCTU; &y — AMINeKTpuYeckas npoHu-

LaeMoCTb Bakyyma; A =10 H / P
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PeweHune 3agauun (8), (9) moxeT ObITb HaNOEHO C MOMOLLbLID MeToaa
ONCKPETHOWN OpTOroHanmn3awmu.

Pe3ynbTaTbl YMCneHHOro aHanusa. B kayectBe npumepa paccmart-
pvBaeTCA TPEXCMOWHbIA LUWMAMHAP, OBa BHELUHMX CrOS KOTOPOro SBMSOTCS
ctanbHbiMn (v =0,28, E=210 [Tla), a cpegHuin crnon — nbesokepammye-

CkuM (M3 nbesokepamukn PZT 4), napameTp KpuBU3Hbl NpuHAT £=0,25.

TonwmHa BHeWHUX cnoes pasHa h , TonwmHa cpegHero cnos — 2h .

u /max(u

U
u /max(u ,u
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AmMnnurtypna
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TONWMWUHaAa

Puc. 1 — ®azoBble ckopocTu Puc. 2 — PacnpegeneHve amnnuTyp nepemMeLleHnin
no Tonwwmne B sonHe SW (0)

Ha puc. 1 npeacraBneHbl ¢a3oBble CKOPOCTU Ars MEPBbIX MNATUM BOJSH.
VcnonbaytoTca 0003HaueHuss Ans BOMH, MpuHsTble B [7]. MapkmpoBka
SW (0) o3HauaeT, 4To BorHa poxaaetcsi (k =0) B pe3ynbrate CUMMETPUYHbBIX
NpoAONbHbIX kKonebaHuin (BonHbl paclumpeHusi-cxatus), AU (0) — B pesynbTta-
T€ aHTUCUMMETPUYHbBIX (M3rMBHBIX) paananbHbIX KonebaHui.

Ha pwuc. 2 npegctaBneHo pacnpegeneHve amnnuTyd nepemMeLleHun
no TonwmHe B nepeor BoriHe SW(0) ans pasnuyHbix 3Ha4YeHW ONUH BOIH.

CnnowHow nuHuer o6o3HayeHbl aMnnNUTYAbl paguanbHbIX NepeMeLleHui
Uy, LUTPMXOBOW — NPOAOIIbHBIX U, . XXMPHBIMM NIMHUAMM yKa3aHO pacnpe-

OeneHne amnnuTya nepemMeLLEeHnii B KOPOTKOBOJHOBOM obnactu. B cnydae
ONVHHBIX BONH pacnpefeneHve amnnutys MepemMeLLeHUA npoucxoanT
NpakTU4Yeckn Mo IUHEMHOMY 3akoHy. C yMeHbLUEHWEM [ONIMHHbI BOJHbI
nepeMeLLeHnsa cocpefoTadmBaloTca B bornee MSArkoM nbe3okepamMuyeckom
crnoe. |-|pl/l ,Cl,aJ'IbHeIZLIJeM YMEHbLUEHUN AONUHHBI BOJHbI pacnpegeneHue
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nepemMeLleHnin HaunMHaeT NpMHUMaTb XapakTep BOSMHbI Tvna Panes, Gery-
LLe BOONb BHELLHEN BOKOBOW MOBEPXHOCTM.

Ha pwuc. 3 npeacrtaBneHo pacnpegeneHne amnnauTyg nepemeLleHunmn
no TonwuHe Bo BTopoy BonHe AU (0). Takke MOXHO OTMETUTb, YTO AnNS

cny4vas OfIMHHBIX BOMH pacnpejeneHve amnnuTtyd nepemMelleHvui no Ton-
LUMHE HOCUT MOYTU FNMHENHbIW xapaktep. C yMeHblleHWeM ANWHbLI BOSHbI
nepemeLleHns nokKanuaylTca BO BHYTPeHHeMm, 06onee MsArkom croe.
C panbHenwum ymeHbLUEHMEM AfWHbI BOMHbI pacnpefeneHne nepemetle-
HWA NO TONLWWHE NMPUHUMaeET BUA, XapakTepHbln Ans BonH Panes, pacnpo-
CTPaHAIOLWMXCA TakK Xe BAOMb BHELWHEN NOBEPXHOCTU LUNUHApPa.

u/max(u u,)
u,/max(u, u,)

u /max(u u)
u,/max(u ,u,)

AmnnuTtypna
AmMnnurtypga

-10 -0.5 0.0 05 10

TOonwWMNHa

-10 T
-1,0 -0,5 0,0 05 10

Puc. 3 — PacnpegeneHue amnnuTya Puc. 4 — PacnpepgeneHve amnnurtya
nepemMeLleHUit No TosIluHe B BOSHe

AU (0)

nepemelLeHuii no Tonwmxe B sonHe AW (1)

Ha pwuc.4 npepncTtaBneHo pacnpeferneHve aMmnnutyg nepemMeLleHui
no TonumMHe B TpeTben BonHe AW (1) . B aToMm cnyyae, gaxe AN AMUHHBIX

BOSH, pacnpeeneHve amnnutyq nepemMeLleHWn no TOMWMHE He HOCUT fnu-
HelHbI xapakTep. C yMeHbLUeHeM ANUHHBI BOMHbI NepeMeLLeHns cocpeno-
TauynBaloTcsl B Oonee Msrkom Nbe3oKkepaMn4eckomM cCrioe, B TO BpeMA KakK
CTanbHbIE CrOU ABNSETCH NPaKTUYecKkn He 4edOPMUPOBAHHBIM.

AHanu3 pe3ynbTaTtoB. Tak Xe, kak 1 B crlydae 0QHOPOOHOro martepvana
umnuHapa, nepsasa U BTopasa BETBU B KOPOTKOBOJTHOBOM AMana3oHe BbIXOOUT
Ha NOBEPXHOCTHYIO BOSIHY P3MEeBCKOro TuMna, pacnpoCcTpaHsoLLYCa BAOMb
BHELUHeW noBepxHoCTU uunuHgpa. Ons nocnegyowux, 6onee BbICOKMX BET-
Bel, HabngaeTca yBenuyeHne Yicna nonyBonH B 6onee MSArkom nbesoke-
pamMmun4yeckom crioe. Bonee ecTkne crtanbHble Crou ¢ YMEHbLUEHNEM ONMUHHbI
BOJTHbI CTAHOBATCS NpaKTU4eckn He AedopMnpyeMbIMA.
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KIHEMATUYHUWA AHATI3 MOLUMPEHHA OCECUMETPUYHUX
ENEKTPOMNPYXHUX XBUIb Y HEOOHOPIOHNX
NMOPOXHUCTUX ME3OKEPAMIYHUX LUIMNIHAOAPAX

MNocTtaHoBNeHa 3ajaya nNpoO  MOLUMPEHHA BUMYLUEHUMX  OCECUMETPUYHUX
€eNeKTPONpPYKHUX XBUMb Y HEOAHOPIAHMX MO TOBLYMHI MOPOXHUCTMX UUIiHApPaXx.
Posrnsapaotbca ABa BUAU HEOQHOPIAHOCTI: KYCKOBO-HEMnepepBHAa Ta KOHTUHYarbHa.
[nsa po3B’A3yBaHHA 3afAadi 3anponoHoBaHO edeKTUBHUA 4YucenbHO-aHaNITUYHUN
Metoa. MNicna po3aineHHs 3MiHHUMX Ta NpeACcTaBreHHs PO3B’A3KY y BUrNaAi Gixy4umx
XBWNb MO Q[JOBXWHI uuniHapa, no4yaTkoBa 3aja4va Teopii eneKTponpyXKHOCTi
Y YacCTUHHUX MOXiAHMX 3BOAUTLCA A0 HEOAHOPIAHOI KPaNoBOi 3adadi ANA 3BMYANHUX
AndbepeHLuianbHUX PiBHSHHDb.

Knroyoei croea: ocecumMempuyHi akycmoesnneKmpuYHi Xeusti, KiHemMamuyHUl aHaris,
OuckpemHa opmoz2oHanizauisi.
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A. Ya. Grigorenko, Dr. Sci. (Phys.-Math.), I. A. Loza Dr. Sci. (Phys.-Math.),
0. A. Avramenko, PhD (Phys.-Math.)

KINEMATIC ANALYSIS OF AXISYMMETRICAL
ELASTOELECTRIC WAVES DISTRIBUTION
IN HOLLOW PIEZOCERAMICS CYLINDERS
The problem of kinematic analysis of axisymmetric elastoelectric wave
propagation in the hollow layered cylinder from metal and piezoceramic layers
polarized in radial direction is considered. The numerical and analytical method
is offered for solving this problem. The initial problem of theory of electroelasticity
in the partial derivatives after expand the stress tensor components, displacement
vector, electric induction components and electrostatic potential components
by progressing wave in axial direction is reduced to the non-homogeneous
boundary value problem for the system of ordinary differential equations
for the radial coordinate. The obtained problem is solved by stable numerical
method of discrete orthogonalization.

Keywords: kinematic axisymmetrical elastoelectric waves, kinematic analysis, discrete
orthogonalisation.

Solution of inhomogeneous boundary problem about forced
acoustoelectric waves in inhomogeneous on the thickness cylinders
connected with serious mathematic difficulties. There are coupling of electric
field with fields of mechanic displacements and stresses, significant
anisotropy of material and curved face boundary. Besides, there is sectional
continuity of physical and mechanical proprieties of material. Last thing
requires conjugation solving functions on the face boundary resulting in
expansion in the number of equations.

The work proposes an effective analytical and numerical method to
solving the problem. Solving vector is chosen in combined form, consists of
such components as mechanical displacements and stresses as electric and
induction. Such choice of solving vector simplifies solving system of
equations. Make use of representations of solution by the way of
propagation waves which is mathematically equivalent to representation
solving vector in Fourier series. Eventually such representation we can pass
on from initial system of partial equations theory of elasoelectricity to
inhomogeneous boundary problem of ordinary differential equations:

drR

& AxkQ)R;
o = Alxk.Q)

BiR(—l):Ci,BiR(l):Cj.

A stable numerical method of discrete orthogonalization is using for
integrating of obtained boundary problem. It allowed to take a result with
accuracy of analytical methods.

By way of example let consider a three layer cylinder. Two external
layers are from steel (v=0,28; E =21) and inner layer is piezoceramic
from PZT 4. Parameter of curvature is £ =0,25. External layer thickness is
h and internal —is 2h.
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Fig. 1 — Phase velocities Fig. 2 — Distribution of displacement
amplitudes over the thickness in wave

SW(0)

First five branches of phase velocities are presented on Fig. 1. At that
figure assumed denotations the same as in [7]. Labeling SW(0) is meaning

that wave is arising as a symmetric longitudinal oscillation. Labeling AU (0)

is meaning that wave is arising as an asymmetric flexural oscillation. The
distribution of displacement amplitudes over the thickness in wave SW(0) is
presented on Fig. 2. The radial displacement u, is marked off by the solid
line. The longitudinal displacement u, is marked off by the dashed line.
The distribution of displacement amplitudes in short-wave region is marked
off by the solid line. In case of long waves distribution amplitudes of
displacement over the thickness take place almost in linear fashion. As the
length of wave is reduced, displacements collect in soft piezoceramic layer.
Further reducing the length of wave trigger to motions like Rayleigh waves
which propagations along external surface of cylinder. The distribution of
displacement amplitudes over the thickness in wave AU (0) is presented on

Fig. 3. Also in case of long waves distribution amplitudes of displacement
over the thickness takes place almost in linear fashion
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Fig. 3 — Distribution amplitudes Fig. 4 — Distribution amplitudes
of displacement over the thickness of displacement over the thickness
in wave AU (0) in wave AW (1)
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The distribution of displacement amplitudes over the thickness in wave
AW (1) is presented on Fig.4. In this case, even though of long waves,

distribution of displacement amplitudes over the thickness does not take
place in linear fashion. As the length of wave is reduced, displacements
collect in soft piezoceramic layer. While steel layers stay almost non-
distorting.
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