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AHANI3 30H NEPEAPYUHYBAHHSA OANA MDK®A3HOI TPILLMHU
Yy noni 3CYBHUX HAMNPYXEHb
DocnipxeHo MixdasHy TpilWMHY 3 30HaMU NepeapyWHYBaHHSA, sika 3HaXoAUTbLCSA
nig piclo 3CyBHUX HanpyxeHb Ha BipaaneHHi Bia Hei. CdopmMmynboBaHa KpanoBa
3apava [ipixne, onA SAKOi BMNWCAHO TOYHWUM aHanNiTUMHUA PO3B’A30K. 3HanAeHi
BiAHOCHiI AOBXWHM 30H NepeapyWHyBaHHs, CTPUOKM nepeMilleHb Yy 3aneXxHocTi Bif

iHTEHCMBHOCTi  3CYBHOrO HanpyXeHHsA Ha HECKIHYEeHHOCTi i MeXaHiYHuXx
BracTMBOCTEN maTtepianis.

Knroyoei cnoea: mixgasHa mpiujuHa, 30Ha nepeopyliHy8aHHs, KyCKo8o-aHaimu4yHa
yHKyis, cmpubKu nepemilieHs.

Bctyn. LUnpoke BWMKOPUCTaAHHS KOMMO3UTHMX MaTepianiB y CyyacHin
TEeXHiUi Npu3BOAWNTb A0 HEeOoOXiAHOCTI pPO3pobOKM HOBMX i BAOCKOHANEHHS
iCHYHOUMX MEeTOAIB pO3paxyHKy Hanpy>xeHo-4edOpMOBaHOro CTaHy Ta OLUiHKM
TPILLMHOCTIMKOCTI  KOHCTPYKLiMHMX MaTepianiB. MikdasHi TpilwmHKY, SKi
BMHMKAIOTb | MOLUMPIOIOTBCA Ha MeXi noginy pisHnx matepianis (iHTepdenci),
€ OAHIEI0 3 OCHOBHMWX MPUYMH PYMNHYBAHHS KOMMO3UTIB, 3BapHUX Ta KNenoBmx
3’eQHaHb, ripCbKNx Nopig ToLo.

OpHieto 3 mopgenen MikdpasHoi TPILLMHKM, WO [O3BONISIE BCTaHOBUTU
MOXINMBICTb ii PO3BUTKY, € MOAESNb, Sika 3acHOBaHa Ha BiJOMOMY MeTOogj
JleoHoBa — [MaHactoka — [arpenna [9,2]. BoHa ©Oyna 3anponoHoBaHa
CTOCOBHO TpIlWWMHN B OfHOpiAHOMY Martepiani. Po3BuTok Luiei moaeni Ha
BMNaZoK MikdasHoi TpilwuHu npoBefeHnn y [10, 11] ans TpilwmHM MixX gBOMa
i30TPOMHMMM Ta aHi3OTPOMNHMMM MaTepianaMu BignoBigHo. Y umx pobotax Oys
BpaxoBaHWUn CTPUBOK HOpMarbHOrO i AOTUYHOrO nepemiweHb. MNpy aHanisi el
X npobnemn B [4,5] BpaxoByBaBCS CTPUMOOK TiNlbkKM  HOPManbHOro
nepeMilleHHss B obracTax nepeapyvHyBaHHS  MiKGA3HOI  TPILLMHN.
MogentoBaHHs1 30H nepeapyriHyBaHHS, aHanoriyHe [10, 11], BMKOpMCTaHO
Takox B [1], Ae Bupasm Ans CTpMOKiB NepeMileHb y BepLUnHax TPiWuHU Bynn
3HangeHi yepes rinepreomeTpuyHi yHKUiT. Y [8] gocnigkeHo 3agadvy npo
OBOBICHUI PO3TAr KYCKOBO-OO4HOPIAHOT i30TPOMNHOI NAacTUHW 3 NPSIMONIHINHOK
MeXero nNoainy martepianis nNpu HAsBHOCTI TPILLUMHU Ha Ui MeXi.

B paHin poboTi npoBoaAnTbCS y3aranbHEHHA Jy -mofeni Ans MixdasHol

TPILWMHM Yy BUMAAKYy 3CYBHOMO HaBaHTaXEHHHA, a TaKoX MNPONOHYeETbCH
BiONOBIAHWIA KPUTEPI PYMHYBaHHSA KOMMNO3UTHMX MaTepianis 3 MixdasHumu
TpilMHaMM.

MoctaHoBKa 3apavi. Po3rnsaHemMo y3ararbHEHUN MIAOCKUIN HanpyXeHUn
CTaH HEeCKiHYEHHOI MNacTUHKK, WO CKNafaeTbCa 3 ABOX CMasHMX MiBNIOLWMH
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y>0 1@ y<0 (puc. 1) 3 Moagynamu 3cyBy Ta KoHcTaHTamu Mycxeniwsini
m, & (y>0) i w, x, (y<O0) signosigHo. Ha HeCKiH4eHHOCTI
Ha NNacTUHKY Ji€ NOCTiHEe 3CyBHE HaBaHTaXeHHS 7g .
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Puc. 1 — MixdasHa TpilmHa 3 30Hamun nepeApyviHyBaHHA B MO 3CYBHUX HaNpyXeHb
Mpunyckaemo, wWo Ha iHTepBani (—a, a) rpaHuui noginy maTtepianis
posTalioBaHa TpilumHa, a Ha Biapiskax (—-d,—a) Ta (a,d) maioTb micue
30HM NepeapyVHYBaHHs, B AKX Oy (X,Y) =75 .
BigHimemo Big HOC cdhopMynboBaHOi 3afadi OOQHOPIAHUIA HaMpPY>XEHUN
CTaH Oy (X, Y) = Oy (x,y)=0, Ty (x,y)=17q. Tomi oTpumaemo naesikuii

OOMOBHIOYMI (AOMOMIKHUWI) HanpyxeHo-AeOPMOBaHUIA CTaH, KM 3HUKaE
Ha HeckiH4YeHHOCTi. Ha nosepxHi noginy martepianie uen cTtaH BU3HAYaETLCSA
TaKMMKW rpaHNYHMU YMOBaMMU:

o) (x,0)=7(x), (up(x,0))=0, -d <x<d, )
ae
_ [0 <,
T(X)_{fs—fo, a<|x|<d.’ @

TyT i B noganbLliomy 4yepes <ui (x,0)> no3HayeHo cTpnboK nepemilleHb
6ui(1)(x,0) 6ui(2)(x,0)
oX OX

AHaniTuyHe pocnimkeHHA. Y [6] ona ABOX NiBHECKIHYEHUX CKPiMneHnX
NPYXHUX i30TPOMHMX NIacTuH 3 gedbektamm B obracTi po3giny maTepianis
Oynu HaBedeHi Taki Bupasn Ans CTpUOKIB nepemiweHb | HamnpyXeHb
B obnacTi po3ainy maTepianis:

o) (x,0)=i o) (x,0) = g (R (x)+ 7F (x)), @3)
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(U (%) +i(uz (x)) =R (%)~ R (%), )
240 My yotatior
Mt K Hy + 1y K
®yHKUiA Fl(z) € aHaniTU4HOI Yy BCIM MMOLWMHI 38 BUHATKOM iHTepBany

(=d,d).

3apgoBonbHsAo4M 3a gonomoroto (3), (4) rpaHmyHum ymosam (1), (2),
MaeMo

ne g =

7(x)

Im(F1+(x)+yF1_(x))=T, Im(F" (x)-F (x)) =0 ans —d <x<d.

OcTaHHi oBa cniBBIAHOLEHHS eKBiBaneHTHi 3agadvi [ipixne Ans KyckoBo-
aHaniTaHol coyHkuii F (z):

Re(i Fli(x)):— 7(x) ana —d <x<d (5)

g(1+7)

32 YMOBW Ha HECKIHYEHHOCTI
Fl(x)|x_m =0. (6)

Ha nigctasi dpopmyn Kenguwa — Cegosa [3], oOMexeHa Ha 060X KiHLsX
dyHkuist | F(z) mae Burnsg

(z-d)(z+d) § 7(t)dt

27i g(1+7) '[1 (t—z)\/(t—b)(Hb)

iR (2)=- (7)

3a [O4aTKOBOT yMOBU

tdt

1+7 IJ )(t+d)

=0. 8)

Ons dyHKuii z-(x) , fika 3agaHa B rpaHu4Hin ymosi (1), 3 (8) sunnusae

a d

s 1 [t | e

Obuuncrnitooum iHTerpanun, oTpMMyeMo

(70 —75 )(g— arccos%} +7p arcsing =0. )
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Posg' . _ : ”(Ts _TO)
03B'A30K LIbOro piBHAHHA Mae Burnag d =a/sin| ————= |.
Ts

Mone HanpyxeHb i cTpMOOK nepemiweHHA. Ha nigctasi hopmynu (3),
i3 ypaxysaHHsm F' (X)=F (x)=F (x) ans [x[>d, HanpyxeHHs
Ha NPOAOBXEHHI TPILLUMHU BU3HAYMMO 3a hopmMynoto

1 (1
o) (x,0)=i o)) (x,0)= g (1+7) R (x). (10)
3 ypaxyBaHHaM (7), nicna o64YMCneHHs iHTerpanie, Maemo

ag,ly)(x,O)—i 0)(&/) (.0) :;{n(ro —rs)(x—«/xz —d2j+2rS arcsin§+

27X —d?

2 2
+7 x> —d? arcsind—ax—arcsind;ax . (11)
d(x—a) d(x+a)

MoxigHi Bia 3cyBy (CTpubka OOTMYHMX NepeMiweHb) GeperiB Ha niacTasi
dopmynu (4) Ta 3 BuKopucTaHHam dopmyn Coxoupkoro — lNMnemens [7],
BM3HAYMMO SK

(uf (x)) +i(uz (X)) =

(12)

d
(1+7)'L t—x «/t

Togai, obuncnooum iHTerpan, oTpUMyemMo

<u1’(x)>:Aﬂ(_—rs(l"(x,a,d)—l"(x,—a,d)),

1+7)g

dz—tx+\/(d2—t2>(d2—x2) |
dz—tx—\/(dz—tz)(dz—xz)

BUKOHYIOUM  iHTErpyBaHHsl,  CTPUBOK  MepemilleHHs w (x,0),

pe T'(xtd)=In

3 BUKOPUCTaHHSAM [5], BU3Ha4nmo 3a hopmyrioro

<u1(x)>:m((x—a)F(x,a,d)—(x+a)F(x,—a,d)). (13)

Mpn x =0 maemo

5o =(w (0))= In . (14)
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Mpn x=a ogepxyemo

d
é‘a :<U1(a.)> :ﬁlng. (15)

Cnig  Big3HauMtTM, WO aHanorivHo AedopmauinHOMy  KpUTEPIto
pyNHyBaHHSA, copMyrnboBaHOMY ANS TpiWMHW Tuny |, 3HangeHa BenuyuHa
0, MoOxXe OyTM BUKOpWUCTaHa K NapameTp, WO BWU3HAYae MOXMUBICTb

PO3BUTKY TPILLMHK.
PesynbTatM uucenbHoro adanisy. Posmsaganuca crtanb 1045

3 E;=1,7-10" 7a, v =0,28, 14 =6,64063-10'° ITa, y, =0,0025 (BepxHil
maTepian) Ta ipvain 3 E, =5 28-10' I7a v, =0,26,
M = 2,09524-1011 Ila (HwXkHIM) Ta GimaTepian, CKOMMNOHOBaHWIA 3 enokciga
3 xapaktepucTukamun g4 =1,12 ITla, xy =1,84 (BepxHa niBnnowymHa) i ckna
3 Xapaktepuctukamun 1 =29,92 [Tla, &y =212 (HwxHA). TpiwmHa
BBaXanacb PO3TAllOBaHO Ha  npomixky  (—10,10) . [oTuuHe
HarnpyxeHHsi Ha HECKIHYEHHOCTi 3aaBasnochb K 7y =a 7, A€ Q€ (0,1) .

B 1abn. 1 HaBegeHi 3Ha4YeHHs1 BiGHOCHUX OOBXWH 30H NepeapyvHyBaHHA
n=(d—a)/a i poskpuTTA TpilmHM y BeplmHi (Touui a). 3 opmepkaHnx

pe3ynbTaTiB BWOHO, WO 30Ha nepeapyvHyBaHHA MPUCYTHA Anda  YCiX
HaBefeHuX 3HaveHb « . [pu UbOMY ANSA BENUMKMX SOTUYHMX Hanpy>XeHb
Ha HECKIHYEHHOCTI Lisi 30Ha CTae iCTOTHO BENTUKOLO.

Tabnuusa 1 — BigHOCHI AOBXWHM 30H NepeApyWHYBaHHA 7) | PO3KPUTTA y BepLIMHI a
ans enokeugy-ckna 3 a = 0,01 m npwm pizHMX 3HaYEHHAX AOTUYHOrO HaNPYXeHHs

Ha HeCKiHYeHHOCTI 7y

@ d 5,108 a1
0,1 0,124651 0,90485
0,3 0,122326 8,42931
0,5 0,414214 25,3144
0,6 0,701302 38,8141
0,9 5,39245 135,502

Ha puc.2 HaBegeHo rpadikm pPOSKPUTTS  TPILLMHK ul(x,O)-lO7 M
Ha npomixky [-d,d] ans crani-ipugis ans o= 01; 0,3; 05; 0,6,
a Ha puc. 3 nogaHo BIAMNOBIAHI rpadiku PO3KPUTTH TPILLMHK ul(x,0)~106 M
ANsi enokcuay-ckna B 30HI KoHTakTy Geperis Tpiwmhn [a,d]. Ha puc. 4
nokasaHi rpadikM [OOTUYHOIO  HarpyXeHHs (cr)(é,)(x,o)—ro)-lof7 lla

npu X >d Ans napv matepianis ctanb-ipugin.
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Puc. 2 — 3cyBHe po3KpUTTS TPILLMHK Puc. 3 — 3cyBHe po3KpUTTS TPIiLWHK

U (X, 0) 107 ha NPOMiXKY [—d , d] Ans cTani- Uy (X, 0) 10 na NPOMiXKY [a, d]
ipuaito Ans enokcuay-ckna
0,07
006 (O'Xy(X,O)—rO)iO’7 Ila
005
004 - a=0,6
' a=05
0,03 _— 2=03
002 a=01
0,01
o =
Y 01 03 05 07

Puc. 4 — loTMUYHE HanpyXeHHs (03(&,) (X, 0)—1’0 ) 1077 ITa ansa X>d

BucHoBku. Po3srnsgHyta TpiwmMHa MK ABOMa maTepianamu nig gieto
3CYBHWX HanpyxeHb Ha BigganeHHi Big Hei. 3  BUKOPUCTaHHAM
npeacTaBneHb NepeMillieHb Ta HanpyxXeHb Yepe3 ofHYy KyCKOBO-aHamiTUYHY
dyHKUil0 nocTaBneHa npobrnema 3BefeHa 4O KpawoBoi 3agavi Hipixne, ans
SIKOT BUNMCAHO TOYHWUI aHamMi TUYHWUIA PO3B’S30K. 3 LibOro po3B’si3ky OTPMMaHOo
BMpasM QAN HanpyxeHb Ta CTPUOKIB nepemilleHb Ha niHii  noaginy
MaTepianis, BU3HA4YEHO [LOBXWHY 30HW MepeapynHyBaHHs. [MpoBegeHuin
yncernbHUI aHania oTPUMaHMX aHaniTMYHUX pesynbTaTiB.
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A. E. lllesenésa, kaH0. chus.-mam. HayK

AHANN3 30H NMPEAPA3PYLLUEHMA ANA MEX®A3HOWU TPELLUHbDI
B NOJIE COABUIOBbIX HANMPAXEHUA

WccnepoBaHa wmexdasHas TpewmHa C 30HamMu npeapaspyllieHusi, KoTtopasi
HaxoAuTCA noA [OeUCTBMEM CABUIOBbIX HanpsbkeHUWM Ha yaaneHMM OT Heeé.
CcdopmynupoBaHa KpaeBas 3aja4da [upuxne, AnNs KOTOPOW BbINMUCAHO TO4YHOEe
aHanuTuyeckoe pelleHue. HaraeHbl oTHOCUTeNbHbIe ANMWHbI 30H NpeApa3pyLUeHus,
CKayku nepemelleHnin B 3aBUCUMOCTU OT MHTEHCMBHOCTU CABUIOBOrO HamnpsXeHus
Ha 6eCKOHEeYHOCTU U MeXaHU4YeCKUX CBOMCTB MaTepuarosB.

Knrodeenie croea: MexgasHas mpewuHa, 30Ha npedpa3pyweHusi, KyCOYHO-
aHanumuyeckasi hyHKUUS, cKadku rnepemewyeHud.

A. E. Sheveleva, PhD (Phys.-Math.)

ANALYSIS OF PRE-FRACTURE ZONES FOR INTERFACE CRACK
IN THE FIELD OF SHEAR STRESSES

An interface crack with pre-fracture zones under remote shear loading
is considered. The Dirichlet boundary value problem is formulated for a piecewise
analytic function and its exact analytical solution is presented. The numerical values
of relative lengths of pre-fracture zones, the jumps of displacements and shear
stress in it are found depending on the external load and the mechanical properties
of the materials.

Keywords: interface crack, pre-fracture zone, piecewise analytic function, jumps
of displacements.

One of the models of interface cracks which allowing to establish
the possibility of its development is a model that is based on the famous
method of Leonov — Panasyuk — Dugdale [9, 2]. The development of this
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model for interface crack was performed in [10, 11] for the crack between
isotropic and anisotropic materials, respectively. In the analysis of the same
problems in [4, 5] only the jump of normal displacement in pre-fracture zone
of interface crack was taken into account. Modeling of pre-fracture zones
similar to [10, 11], was also used in [1], where the expressions
for displacement jumps of the crack tip were found through hypergeometric
functions. The problem of biaxial stretching of piecewise homogeneous
isotropic plate with rectilinear boundary of materials with a crack in
an interface was studied in [8].

In the present paper the generalization of o, -model to the case

of interface cracks under of the shear load is considered. Also corresponding
fracture criterion of composite materials with interface cracks is offered.

The plane stress problem of infinite plate which consists of two bonded
half-plane y >0 and y <0 is considered. The half-plane has mechanical
properties 14, k1 (y>0) and u, x, (y<0). The shear load 7y acts
onthe plate at infinity. It is assumed that an interface crack occurs
on the interval (—a,a) and pre-fracture zones on the intervals (—d,-a)

and (a,d) with oy (X, y)=7s in these zones take place.

Let uniform stress state oy (X, Y)=0y (X Y)=0, ox(Xy)=7

is subtracted. Then it gets a complementary strain-stress state which
disappears at infinity. This state is characterized at the interface of materials
by the following boundary conditions:

O'>(<iy)(x,0):r(x), (up(x,0))=0, —d <x<d, @
where
|0 X<a,
T(X)_{Ts_fol a<|X|<d,' )

Here and later (u;j(x,0)) means the jump of displacement

aui(l)(x,o) aui(z)(x,o)
ox x
The Dirichlet boundary value problem is formulated for a piecewise
analytic function and its exact analytical solution is presented. The lengths
of pre-fracture zones and the analytical expressions for the jump of the
displacement are found. The shear stress on the extensions of these zones
is obtained. The numerical values of relative lengths of pre-fracture zones,
the jumps of displacements and shear stress in it are found depending
on the external load and the mechanical properties of the materials.
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